Manifestation of classical nonlinear dynamics in optomechanical
  entanglement with a parametric amplifier by Hu, Chang-Sheng et al.
Manifestation of classical nonlinear dynamics in optomechanical entanglement with a
parametric amplifier
Chang-Sheng Hu,1 Li-Tuo Shen,1 Zhen-Biao Yang,1 Huaizhi Wu,1 Yong Li,2 and Shi-Biao Zheng1
1Fujian Key Laboratory of Quantum Information and Quantum Optics and Department of Physics,
Fuzhou University, Fuzhou 350116, People’s Republic of China
2Beijing Computational Science Research Center, Beijing 100193, People’s Republic of China
Cavity optomechanical system involving an optical parametric amplifier (OPA) can exhibit rich
classical and quantum dynamical behaviors. By simply modulating the frequency of the laser
pumping the OPA, we find two interesting parameter regimes, with one of them enabling to study
quantum-classical correspondence in system dynamics, while there exist no classical counterparts
of the quantum features for the other. For the former regime, as the parametric gain of OPA
increases to a critical value, the classical dynamics of the optical or mechanical modes can expe-
rience a transition from the regular periodic oscillation to period-doubling motion, in which cases
the light-mechanical entanglement can be well studied by the logarithm negativity and can man-
ifest the dynamical transition in the classical nonlinear dynamics. Moreover, the optomechanical
entanglement shows a second-order transition characteristic at the critical parametric gain. For the
latter regime, the kind of normal mode splitting comes up in the laser detuning dependence of op-
tomechanical entanglement, which is induced by the squeezing of the optical and mechanical hybrid
modes and finds no classical correspondence. The OPA assisted optomechanical systems therefore
offer a simple way to study and exploit quantum manifestations of classical nonlinear dynamics.
I. INTRODUCTION
To seek for and explore quantum manifestations of
classical nonlinear dynamics is one of the most funda-
mental problems in physics. The familiar dynamical be-
haviors, such as period-doubling, quasi-periodicity mo-
tions and chaos [1–3], which are very common in classical
nonlinear systems, can usually find their counterparts in
quantum systems. However, the quantum signature of
classical nonlinear dynamics may be found in different
parameter regimes, leading to inconsistent experimental
requirements in studying classical and quantum dynam-
ics. For instance, some of the quantum chaotic problems,
such as energy level-spacing statistics [4] and quantum
chaotic scattering [5], can only be addressed in the limit
of low dimensional Hamiltonian [6]. On the other hand,
quantum entanglement [7], which is a fundamental phe-
nomenon in quantum mechanics, describes nonlocal two-
body or many-body correlations in a form of quantum
superposition. However, the non-locality of quantum en-
tanglement has no classical correspondence. Much atten-
tion then has been paid to the interplay between classical
nonlinear dynamics and quantum dynamical behaviors.
Previous works have found that the quantum-classical
correspondence in the entanglement dynamics can be an-
alyzed from the perspective of classical trajectories and
be calculated by the reduced density linear entropy [8],
and the quantum-phase transition in the Dicke model is
accompanied by the emergence of an entanglement sin-
gularity [9]. In addition, the connections between clas-
sical collective dynamics and quantum entanglement are
widely studied in coupled qubit-resonator systems [10],
trapped ions [11], and optomechanical systems [3].
Cavity optomechanics is associated with light-
oscillator interacting systems consisting of an optical cav-
ity and a mechanical mirror [12–18]. When the cavity is
driven by an introduced input laser, the awakened cav-
ity will exert a radiation pressure on the movable mirror
and make it oscillate. Conversely, the oscillating mirror
changes the length of the cavity and thus the cavity in-
tensity dependent radiation pressure force, giving rise to
the optomechanical coupling. Various interesting quan-
tum phenomena have been observed in optomechanical
systems [19–22], such as light-mechanical entanglement
[23–31] and squeezed states [32–37]. On the other hand,
since the optomechanical coupling is intrinsically nonlin-
ear, the systems are good candidates for studying non-
linear dynamical behaviors. Early experimental demon-
stration of chaotic dynamics has been done by Carmon
et al. [38]. Before the dynamics becomes chaotic, these
optomechanical system may also experience some times
of period-doubling, going through the regular route from
periodic oscillations to quasi-periodicity, as discussed in
some recent works [39–41]. Moreover, a multi-mode op-
tomechanical system may exhibit collective dynamics,
such as synchronization and anti-phase synchronization
[42–45], and as mentioned before, studies by using op-
tomechanical systems as a paradigm to address the cor-
respondence between optomechanical entanglement and
synchronization have also been examined [46]. In par-
ticular, strong fingerprints of periodic oscillations and
quasi-periodic motion in the quantum entanglement can
be found [3].
To search for the correspondence between entangle-
ment dynamics and classical nonlinear motion, we con-
sider a composite cavity optomechanical setting, in which
an optical parametric amplifier (OPA) is involved. The
OPA, a second-order optical crystal in nature, has many
applications in both classical and quantum optics. In the
classical case, it is used to transform laser light into al-
most any (optical) frequency. From a quantum point of
view, the pairs of down-converted photons generated by
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2OPA can show nearly perfect single- or dual-squeezing
[50]. Therefore, the interplay between optomechanics
and OPA is naturally a significant topic to study the non-
linear quantum dynamics. The OPA can modify the dy-
namical instabilities and nonlinear dynamics of the sys-
tem [51, 52]. Moreover, it has also found applications in
generating strong mechanical squeezing [36, 37], enhanc-
ing optomechanical cooling [53], and increasing single-
photon optomechanical coupling [54].
We envision a two-field driving scenario, with one of
them driving the cavity and the other pumping the OPA.
By fixing the cavity driving frequency as for the side-
band cooling and scanning the laser frequency of the
OPA pumping, we find two interesting regimes. First,
we find good quantum-classical correspondence between
the light-mechanical entanglement and the classical non-
linear dynamics for the two-field detuning around the
mechanical frequency. In this regime, when the classi-
cal behavior transits from the regular periodic oscilla-
tion to period-doubling motion as the parametric gain
of OPA increases, the light-mechanical entanglement
dynamics also exhibits regular periodic oscillation and
period-doubling motion, in correspondence to the respec-
tive classical behavior. In particular, we find a criti-
cal point Λc for the transition from periodic motion to
period-doubling motion, which is related to an entangle-
ment singularity, namely, the light-mechanical entangle-
ment continuously enhances with the increase of the OPA
gain, but its derivative with respect to the parametric
gain is discontinuous. This characteristic is in resem-
blance to a second-order quantum phase transition. Sec-
ond, while the two-field detuning is twice of the mechani-
cal frequency, the light-mechanical entanglement exhibits
normal mode splitting kind of feature, which can be ex-
plained via the hybrid mode squeezing principle. Our re-
sult gives a nice example of the manifestation of classical
nonlinear dynamics in optomechanical entanglement by
simply modulating the OPA pumping, and can be eas-
ily tested by the state-of-the-art cavity optomechanical
systems.
The rest of this paper is organized as follows. We
first introduce the optomechanical setup in Sec. II and
then discuss the classical dynamics in Sec. III. In Sec.
IV, we introduce the measure of the optomechanical en-
tanglement and discuss the interesting physics with the
two-field detuning around twice of the mechanical fre-
quency. In Sec. V, we discuss both the quantum and
classical dynamical behavior for the two-field detuning
around the mechanical frequency, and show the evidence
for quantum-classical correspondence. We finally sum-
marize our result in Sec. VI.
II. MODEL
We consider an optomechanical system with a degener-
ate optical parametric amplifier (OPA) inside the Fabry-
Perot cavity with one fixed partially transmitting mirror
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Figure 1. (Color online) (a) Sketch of the optomechanical
system under two-field driving. The cavity is driven by an
external driving laser with the strength E and the detuning
∆0, and the OPA inside the cavity is pumped by another laser
field with the parametric gain Λ and the two-field detuning Ω
(see the definition in the main text). (b) Dynamical behavior
of the classical mean values as well as the light-mechanical
entanglement transits from a regular periodic oscillation to a
period-doubling oscillation when the parametric gain of the
OPA is tuned across the critical value Λc for a typical driving
frequency.
and one movable totally reflecting mirror, as shown in
Fig. 1. Supposing that the length of the cavity is L in the
rest and the finesse is represented by F , which leads to a
photon decay rate given by κ = pic/(2FL). The movable
mirror is treated as a quantum-mechanical harmonic os-
cillator with effective mass m, frequency ωm, and energy
decay rate γm. We assume that the cavity mode with
the resonant frequency ωc is driven by an external laser
of the frequency ωl and the amplitude E =
√
2κP/~ωl,
depending on the laser power P . On the other hand, the
degenerate OPA is pumped by another laser field at fre-
quency 2ωp, giving rise to a parametric gain denoted by
Λeiθ, which is determined by the strength and the phase
of the pumping laser. The total Hamiltonian of the sys-
tem in the rotating frame at the laser frequency ωl is
given by
H = ~∆0a†a+
~ωm
2
(p2 + q2)− ~ga†aq + i~E(a† − a)
+i~Λ(eiθa†2e−iΩt − e−iθa2eiΩt), (1)
where ∆0 = ωc − ωl is the detuning of the driving laser
frequency from the cavity resonance, and Ω = 2(ωp−ωl)
is referred as the two-field detuning that describes the de-
tuning of the pumping laser frequency from twice of the
driving laser frequency; a and a† are the annihilation and
creation operators of the cavity mode, respectively; q and
p are the position and momentum operators for the mov-
able mirror, satisfying the standard canonical commuta-
tion relation [q, p] = i~; and g=xZPFωc/L is the single-
photon optomechanical coupling strength arisen from the
radiation pressure force with xZPF =
√
~
2mωm
being the
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Figure 2. (Color online) Long-time behavior of the cav-
ity field strength |〈a(t)〉| and the light-mechanical entangle-
ment EN with τ = 2pi/Ω for a typical set of experimen-
tal parameters [61]: (E, g, γm, κ, ∆0)/ωm = (6 × 104, 4 ×
10−6, 10−6, 0.2, 1) and na = nm = 0. The OPA is pumped
with the parametric gain Λ/ωm = 0.02 and the two-field de-
tuning Ω/ωm = 1.16, and the parametric phase θ = 0, pi (see
the details in the main text). The analytical approximation
of the classical mean values (dash) shows nice agreement with
the numerical solution.
zero point motion of the mechanical mode. In Eq. (1),
the first and second terms are the free energies of the
cavity mode and the mechanical oscillator, respectively;
the third term describes the radiation-pressure induced
coupling between the cavity and the mechanical mode;
the fourth term describes the longitudinal cavity driving,
and the last term represents the OPA pumping, leading
to the generation of pairs of cavity photons.
Using the Heisenberg equations of motion for the cav-
ity and mechanical operators and taking the mechanical
damping and cavity decay into account, the dynamics
of the system can be described by the following set of
quantum Langevin equations [55]
q˙ = ωmp,
p˙ = −ωmq − γmp+ ga†a+ ξ(t),
a˙ = −(κ+ i∆0)a+ igaq + E + 2Λeiθa†e−iΩt
+
√
2κain(t), (2)
where ain is the zero-mean vacuum-input noise op-
erator satisfying the auto-correlation function [55]〈
a†in(t)ain(t
′)
〉
= δ(t− t′), and ξ(t) is the thermal noise
operator acting on the mechanical oscillator. In the
regime of high mechanical quality factor Q ≡ ωm/γm 
1, the Markovian approximation can be applied to the
thermal noise, leading to [56] 〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉 /2 =
γm(2nm+1)δ(t−t′) with nm = [exp(~ωm/kBT )−1]−1 be-
ing the mean thermal excitation number in the mechan-
ical mode. As will be shown below [see Fig. 1(b)], the
typical dynamical behavior of the classical mean values
and the light-mechanical entanglement can transit from
a regular periodic oscillation to a period-doubling motion
when the parametric gain and the driving frequency of
OPA are especially tuned.
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Figure 3. (Color online) |〈a(t)〉|max [(a)-(c)] and EN,max [(d)-
(f)] in the long time limit as a function of Ω/ωm for driving
strengths E/ωm = 4 × 104 [(a), (d)], E/ωm = 6 × 104 [(b),
(e)], and E/ωm = 8 × 104 [(c), (f)]. The numerical (analyti-
cal) results are presented by the blue solid (green dash) lines.
Other parameters are the same as in Fig. 2.
III. CLASSICAL STEADY-STATE BEHAVIOR
We next derive the steady-state solution 〈O(t)〉 (O =
q, p, a) for the Eq. (2) via the mean-field theory, where
〈a(t)q(t)〉 = 〈a(t)〉 〈q(t)〉 and 〈a†(t)a(t)〉 = 〈a†(t)〉 〈a(t)〉.
The equations of motion Eq. (2), which are in anal-
ogy to the amplitude-modulated driving schemes [37, 57–
59], can be analyzed via the Fourier series expansion if
the parameters keep the system far from optomechani-
cal instabilities and multistabilities. The classical mean
values will evolve toward an asymptotic periodic orbit
with the periodicity τ = 2pi/Ω. Furthermore, as the
strength 2Λ|〈a(t)〉| ∝ 2ΛE corresponding to OPA pump-
ing (∼ e−iΩt) in Eq.(2) is much weaker than the driving
field E, we can then derive the steady-state solutions of
Eq. (2) to first order in εs = 2ΛE. Thus, the steady-
state solutions for the expectation values 〈O(t)〉 can be
expressed as [60]
〈O(t)〉 = O0 + εse−iΩtO+ + ε∗seiΩtO−. (3)
Substituting Eq. (3) into the mean-field version of Eq.
(2), it is readily to get the time-independent coefficients
O0, O+, and O−
p0 = 0, q0 =
g|a0|2
ωm
, a0 =
E
κ+ i∆
, (4)
a+ =
1
d(Ω) (κ− i∆){[κ− i(∆ + Ω)](ω
2
m − Ω2 − iγmΩ)
+ig2ωm|a0|2}eiθ, (5)
a− =
ig2ωma
2
0e
−iθ
d∗(Ω) (κ+ i∆)
, (6)
4(a) (b)
Figure 4. (Color online) (a) The real parts of roots of d(Ω) = 0
in the domain Re(Ω) > 0, and (b) the imaginary parts of the
roots of d(Ω) = 0 as a function of driving E/ωm. Other
parameters are the same as in Fig. 3.
where ∆ = ∆0 − gq0 is the effective detuning and
d(Ω) = −2∆g2ωm|a0|2 + [κ− i(∆ + Ω)][κ+ i(∆− Ω)]
×(ω2m − Ω2 − iγmΩ). (7)
Note that the expressions for q± and p± are not explicitly
given since they are unrelated to our discussion in the
following. Using the analytical approximations for the
steady-state mean values, we have shown in Fig. 2(a)
the comparison of the time-evolutional dynamics with
the asymptotic solutions and the full numerical results,
which agree well with each other in the weak nonlinear
regime.
To examine the effect of the strong nonlinear dynam-
ics, we have plotted |〈a(t)〉|max = max
τ
{|〈a(t)〉|}, which is
the maximum of |〈a(t)〉| in one period τ in the long time
limit, as a function of the two-field detuning Ω in Figs.
3(a)-(c) for gradually increased driving strengths E. We
find a normal-mode-splitting-like feature, where the sep-
aration of the two peaks increases as the driving power
enhances. The splitting of |〈a(t)〉|max that arises as a
result of the optomechanical coupling g is determined by
the structure of the denominator in Eq. (7). Thus, the
peaks’ position can be evidenced by the real parts of the
roots of d(Ω) = 0 in the domain Re(Ω) > 0, as shown
in Fig. 4(a). When the driving strength E is small, the
real parts of the roots of d(Ω) = 0 have two equal values,
so no splitting appears. However, there is a splitting in
the imaginary part of the roots, i.e. the lifetime splitting
[63], see Fig. 4(b). Increasing the driving strength E to
a certain value, the real parts of the roots in the domain
Re(Ω) > 0 begin to diverge. The difference of the two
values monotonically increases with the driving strength
E enhanced.
In general, the asymptotic solutions Eqs. (4)-(6) can
be good approximations of the system steady-state be-
havior for a wide range of the two-field detuning Ω with
E/ωm = 4×104, 6×104. While for E/ωm = 8×104, the
nonlinear terms of εs can not be neglected. It is known
that the cavity intensity |〈a(t)〉|2 beyond a threshold will
lead to the instability of mechanical motion and then the
system dynamics becomes highly nonlinear [23], there-
fore the expansion of the steady-state solution 〈O(t)〉 to
the first-order in εs will be invalid.
IV. OPTOMECHANICAL ENTANGLEMENT
By linearizing the dynamics around the classical mean
values of the operators, i.e. O(t) = 〈O(t)〉 + δO(t), we
can find the equations of motion for the quantum fluctu-
ations, which are given by
δq˙ = ωmδp,
δp˙ = −ωmδq − γmδp+ [G(t)δa† +G(t)∗δa]/
√
2 + ξ(t),
δa˙ = −[κ+ i∆(t)]δa+ iG(t)δq/
√
2 + 2Λeiθδa†e−iΩt
+
√
2κain(t), (8)
where G(t) =
√
2g 〈a(t)〉 is the photon-number-
dependent optomechanical coupling, and ∆(t) = ∆0 −
g 〈q(t)〉 is the effective detuning of the cavity resonance
from the driving laser frequency. Owing to all of the
quantum information is included in Eq. (8) when the sys-
tem is in the stability regime, one can quantitatively mea-
sure the light-mechanical entanglement by the linearized
equations. Distinguished from the standard optomechan-
ical system [3, 23], the OPA can enrich the dynamics of
quantum entanglement and allow us to characterize the
quantum manifestation of the classical dynamics.
We measure the degree of light-mechanical entangle-
ment by the logarithmic negativity EN . For our pur-
poses, we use a vector u(t) = [δq, δp, δx, δy]T including
the variables of the quantum fluctuations, in which δx =
(δa+ δa†)/
√
2, δy = (δa− δa†)/i√2 represent the ampli-
tude and phase quadratures of the cavity mode, respec-
tively, with the corresponding noise quadratures being
δxin = (δain+δa
†
in)/
√
2, δyin = (δain−δa†in)/i
√
2. Then
the time-dependent equations of motion for the quantum
fluctuations can be expressed as u˙(t) = M(t)u(t) + n(t),
with the drift matrix
M(t) =
 0 ωm 0 0−ωm −γm ReG(t) ImG(t)−ImG(t) 0 −κ+Rc(t) ∆(t)−Rs(t)
ReG(t) 0 −∆(t)−Rs(t) −κ−Rc(t)
 ,
(9)
where Rc(t) = 2Λ cos(Ωt−θ), Rs(t) = 2Λ sin(Ωt−θ) and
the input noise n(t) = [0, ξ(t),
√
2κδxin,
√
2κδyin]
T . Due
to the zero-mean Gaussian nature of the quantum noises,
the equations of motion for u(t) can further be reformu-
lated in terms of the 4 × 4 covariance matrix V (t) with
Vk,l(t) = 〈uk(t)u†l (t) + u†l (t)uk(t)〉/2 and the diagonal
noise correlations matrix D = diag[0, γm(2nm + 1), κ, κ]
[58], leading to V˙ (t) = M(t)V (t) + V (t)MT (t) + D. To
calculate EN , the covariance matrix is expressed as a 2×2
sub-block matrices V (t) = [V1, Vc;V Tc , V2], where V1, V2,
and Vc correspond to the mechanical mode, cavity mode,
and the optomechanical correlation, respectively [3]. Fi-
nally, the logarithmic negativity EN can be calculated by
[46]
EN ≡ max[0, −ln2η], (10)
with η ≡ (1/√2)[Σ(V ) − √Σ(V )2 − 4detV ]1/2 and
Σ(V ) = det(V1) + det(V2)− 2det(Vc).
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<latexit sha1_base64="Gi353IjGzkzEz0/0e2SWcUmSXNw=">AAAB63icbZC7SgNBFIbPeo3xFrW0GQyCVdgVwXQGbCyjmAskS5idzCZD5rLMzAphySvYWChi6ztY+RB2vo2zSQpN/GGYj/+cw7lECWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0ncdbD1QbpuS9HSc0FHggWcwItrnlV/yLXqnsvqnQMgRzKF99ftyBU71X+ur2FUkFlZZwbEwn8BMbZlhbRjidFLupoQkmIzygHYcSC2rCbDrrBJ06p49ipd2TFk3d3xUZFsaMReQyBbZDsxjLzf9indTG1TBjMkktlWTWKE45sgrli6M+05RYPnaAiWZuVkSGWGNi3XmK7gjB4srL0DyvBI5v/XKtCjMV4BhO4AwCuIQa3EAdGkBgCI/wDC+e8J68V+9tlrrizWuO4I+89x+Ai49d</latexit><latexit sha1_base64="Wu0QvVh097HLnpeQZsfKwma/VJ4=">AAAB63icbZDLSgMxFIbPeK31VnUpSLAIrsqMCHZnwY3LFuwF2qFk0kwbmmSGJCOUoUu3blwo4tZ36MqHcOcz+BJm2i609UDIx/+fw7kEMWfauO6Xs7K6tr6xmdvKb+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDm8xv3lOlWSTvzCimvsB9yUJGsMkkt+RedgtF+00DLYM3h+L1x6T2/XAyqXYLn51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nc46RmdW6aEwUvZJg6bq74oUC61HIrCZApuBXvQy8T+vnZiw7KdMxomhkswahQlHJkLZ4qjHFCWGjyxgopidFZEBVpgYe568PYK3uPIyNC5KnuWaW6yUYRY5OIZTOAcPrqACt1CFOhAYwCM8w4sjnCfn1Xmbpa4485oj+BPO+w+KhpGi</latexit><latexit sha1_base64="Wu0QvVh097HLnpeQZsfKwma/VJ4=">AAAB63icbZDLSgMxFIbPeK31VnUpSLAIrsqMCHZnwY3LFuwF2qFk0kwbmmSGJCOUoUu3blwo4tZ36MqHcOcz+BJm2i609UDIx/+fw7kEMWfauO6Xs7K6tr6xmdvKb+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDm8xv3lOlWSTvzCimvsB9yUJGsMkkt+RedgtF+00DLYM3h+L1x6T2/XAyqXYLn51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nc46RmdW6aEwUvZJg6bq74oUC61HIrCZApuBXvQy8T+vnZiw7KdMxomhkswahQlHJkLZ4qjHFCWGjyxgopidFZEBVpgYe568PYK3uPIyNC5KnuWaW6yUYRY5OIZTOAcPrqACt1CFOhAYwCM8w4sjnCfn1Xmbpa4485oj+BPO+w+KhpGi</latexit><latexit sha1_base64="6XCXh/7xqsYIVkhMCYJ/onZaDmg=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4Krsi2GPBi8cK9gPapWTTtA1NsksyK5Slf8GLB0W8+oe8+W/MtnvQ1gchj/dmmJkXJVJY9P1vb2Nza3tnt7RX3j84PDqunJy2bZwaxlsslrHpRtRyKTRvoUDJu4nhVEWSd6LpXe53nrixItaPOEt4qOhYi5FgFHPJr/k3g0rVfQuQdRIUpAoFmoPKV38Ys1RxjUxSa3uBn2CYUYOCST4v91PLE8qmdMx7jmqquA2zxa5zcumUIRnFxj2NZKH+7siosnamIlepKE7sqpeL/3m9FEf1MBM6SZFrthw0SiXBmOSHk6EwnKGcOUKZEW5XwibUUIYunrILIVg9eZ20r2uB4w9+tVEv4ijBOVzAFQRwCw24hya0gMEEnuEV3jzlvXjv3seydMMres7gD7zPH8H+jVY=</latexit>
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Figure 5. (Color online) (a) EN,max versus the parametric
gain Λ/ωm and the two-field detuning Ω/ωm for E/ωm =
8.6 × 104. The black area denotes the classically unstable
region. (b) EN,max and (c) |〈a(t)〉|max versus Ω/ωm for para-
metric gains Λ/ωm = 0.01 (black) and Λ/ωm = 0.02 (blue),
as indicated by the dashed lines in (a). Other parameters are
the same as in Fig. 4.
The temporal dynamics of the light-mechanical en-
tanglement EN is shown in Fig. 2(b), where the time-
periodic EN oscillates with the periodicity τ = 2pi/Ω in
the stable regime, resembling to the mean-field dynamics
of |〈a(t)〉|. We then quantify the light-mechanical entan-
glement EN by the maximum in one period τ [3, 57–59]
namely
EN,max = max
τ
{EN (t)}. (11)
Similarly, we plot EN,max as a function of the two-
field detuning Ω in Figs. 3(d)-(f) for different driv-
ing strengths E. By comparing them with the classi-
cal result |〈a(t)〉|max, one can observe two peaks around
Ω/ωm = 2, which are classically nonexistent. To see the
insight, we rewrite the effective optomechanical coupling
as G(t) = g0 + g+1e−iΩt + g−1eiΩt by using Eq. (3),
and assume g0 ∝ a0, g±1 ∝ 2ΛEa± to be positive re-
als without loss of generality. In fact, the third term
∼ g−1 can be further neglected when g−1  g0, g+1,Ω.
Using Eq. (8), and with δq = (δb + δb†)/
√
2 and
δp = (δb − δb†)/i√2, the effective linearized Hamilto-
nian for ∆ ≈ ωm after neglecting the fast oscillating
terms becomes (~ = 1): Heff = (−1/2)[g0δaδb† +
g+1e
i(Ω−2ωm)tδaδb + i2Λe−iθei(Ω−2ωm)tδa2] + H.c.. We
then introduce the normal modes c± = (δa±δb)/
√
2 and
rewrite the Hamiltonian in the interaction picture by ro-
tating with (−g0/2) (c†+c+ − c†−c−). Finally, we arrive
at
Heff ≈ 1
4
g±c2± +H.c., (12)
for Ω − 2ωm ± g0 = 0, where g± = −(g+1 ± 2iΛe−iθ).
Eq. (12) which associates with the squeezing of the two
hybrid modes c± [59], gives rise to the two peaks around
Ω/ωm = 2 in the Ω-dependent light-mechanical entangle-
ment, as shown in Fig. 3 (d)-(f). Owing to g0 ∝ E, the
separation of the two peaks increases with the increasing
of the driving strength E.
(a) (b)
Figure 6. (Color online) Long-time dynamics of the mechani-
cal coordinate q˜, which displays the regular periodic behavior
for Λ/ωm = 0.03, Ω/ωm = 1.16 and the period-doubling mo-
tion for Λ/ωm = 0.05, Ω/ωm = 1.16. Other parameters are
the same as in Fig. 5.
On the other hand, it is worthwhile to note that
the light-mechanical entanglement EN shows additional
ridges near Ω/ωm = 1, which correspond to the positions
of the two peaks for the classical mean value of cavity
field strength |〈a(t)〉|max. Therefore, it allows us to inves-
tigate the quantum manifestations of classical nonlinear
dynamics by selecting Ω around ωm. To see stronger non-
linear effects, we will further increase the driving strength
E, however, the stability of the system will be checked
and maintained. In Fig. 5(a), we plot EN,max versus the
parametric gain Λ/ωm and the two-field detuning Ω/ωm
for E/ωm = 8.6×104. In the stable regime, the peak val-
ues of EN can be found at Ω/ωm ≈ 0.55 and Ω/ωm ≈ 1.2
for different Λ/ωm. In addition, EN,max can be improved
by increasing Λ, as shown in Fig. 5(b) and the maximal
EN,max is realized in the vicinity of unstable regime with
Ω/ωm ≈ 1.2. While for Ω/ωm ≈ 0.55 the system quickly
accesses to the unstable regime with the increasing of
Λ and the entanglement EN,max is much smaller. The
classical correspondence is again found in the two-field
detuning Ω dependence of |〈a(t)〉|max, see Fig. 5(c).
V. QUANTUM MANIFESTATIONS OF
CLASSICAL NONLINEAR DYNAMICS
The classical dynamics discussed in Sec. III is based
on the fact that the asymptotic behaviors of the opti-
cal mode and mechanical motion are approximately si-
nusoidal. However, it is known that the system evolution
will follow the route, namely, from periodic motion to
chaotic behavior when laser driving is gradually increas-
ing. To further study the classical nonlinear behavior,
we now use the notations p˜, q˜, and α = αr + iαi for
simplicity, which correspond to the mean values 〈q(t)〉,
〈p(t)〉 and 〈a(t)〉, respectively, and follow the equations
of motion
6˙˜q = ωmp˜,
˙˜p = −ωmq˜ − γmp˜+ g(α2r + α2i ),
α˙r = (∆0 − gq˜)αi − καr + E + 2Λcos(Ωt− θ)αr
−2Λsin(Ωt− θ)αi,
α˙i = (−∆0 + gq˜)αr − καi − 2Λcos(Ωt− θ)αi
−2Λsin(Ωt− θ)αr.
(13)
The intensity of the cavity field is thus given by Ic =
α2r + α
2
i , and the dynamical behavior can be now char-
acterized by the evolution of the adjacent trajectories in
phase space. For this purpose, let’s first introduce a new
vector ~ε = (εq˜, εp˜, εαr , εαi) to describe how a tiny pertur-
bation of the initial classical values evolves in the phase
space over time. The evolution equations of ~ε can be
obtained by Eq. (13) and are given by
ε˙q˜ = ωmεp˜,
ε˙p˜ = −ωmεq˜ − γmεp˜ + 2g(αiεαi + αrεαr ),
ε˙αr = (∆0 − gq˜)εαi − gαiεq˜ − κεαr + 2Λcos(Ωt− θ)εαr
−2Λsin(Ωt− θ)εαi ,
ε˙αi = (−∆0 + gq˜)εαr + gαrεq˜ − κεαi − 2Λcos(Ωt− θ)εαi
−2Λsin(Ωt− θ)εαr .
(14)
By simulating Eq. (13), we find that the temporal
evolution of the mechanical coordinate q˜ can transit from
the sinusoidal oscillation of the period τ = 2pi/Ω to a
period-doubling oscillation for the laser driving E/ωm =
8.6 × 104 and appropriate OPA pumping strengths Λ.
As shown in Fig. 6(a), the oscillatory period of q˜ is τ
for Λ/ωm = 0.03, while the evolution period becomes
twice of τ for Λ/ωm = 0.05 [see Fig. 6(b)]. Note that
the analytical solutions in Eq. (3), which built on the
assumption of a sinusoidal oscillation, are not applicable
for the motion with the period 2τ .
As a route to chaos, the period-doubling phenomena
were previously discussed in standard optomechanical
systems [40] by focusing on the classical nonlinear regime.
Here, the main concern is about the quantum entangle-
ment near the classical transitions. For chaotic dynam-
ics, the light-mechanical entanglement can not be mea-
sured by the logarithm negativity any more since the Lya-
punov exponent is positive, see further discussion below.
Thus, we devote the task to the quantum manifestations
of the two common types of classical nonlinear behaviors:
regular periodic oscillations and period-doubling motion.
However, the entanglement dynamics in chaotic regime
may be studied by other methods, such as trajectory-
based calculation of the density linear entropy [64]. In
Fig. 7(a), we have shown the asymptotic extreme values
q˜em of the dynamical variable q˜ as a function of the para-
metric gain Λ with Eq. (13). As expected, the unique ex-
treme value q˜em separates into two branches as the para-
metric gain sweeps through the critical OPA pumping
Λc, and the oscillation amplitude continuously increases
for Λ > Λc.
Furthermore, we study the time-dependence of the
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Figure 7. (Color online) (a) Asymptotic extreme values q˜em
of the mechanical coordinate q˜ in the classical dynamics, (b)
Lyapunov exponent, and (c) EN,max versus parametric gain
Λ/ωm. Typical bifurcation diagram is found in q˜em. The
green dash line indicates the critical point Λc/ωm = 0.043
at which the transition from the regular periodic to period-
doubling motion occurs. The Lyapunov exponent is taken
from the slope of the time-evolutional curve of ln(εIc) for
the time interval [280τ , 300τ ] by using linear fitting. Other
parameters are the same as in Fig. 6. The red dashed lines
indicate the parameter regimes discussed in Figs. 8-10.
Lyapunov exponent [65], which is defined by the curve
slope of the natural logarithms of εIc(t) = ε2αr + ε
2
αi +
2αrεαr + 2αiεαi versus the evolutional time. The Lya-
punov exponent shows how the initial states of cavity
field evolve in temporal domain and phase space [see Fig.
7(b)] [40]. One can see that the Lyapunov exponent is
negative for Λ < Λc. While the pumping strength ap-
proaches the transition point, the Lyapunov exponent
goes to zero. For Λ > Λc, where the period-doubling
motion is found, the Lyapunov exponent falls below zero
again. In general, there is no positive Lyapunov exponent
for the pumping strength under consideration, which im-
plies that the Gaussian nature of the random noise is well
maintained for the quantum Langevin equation and the
quantum fluctuation (and therefore the quantum entan-
glement) can be safely characterized by using the covari-
ance matrix [3].
Fig. 7(c) shows the maximum light-mechanical entan-
glement EN,max as a function of Λ. One can see that
before transition the quantum entanglement smoothly
increases with the increasing parametric gain Λ, but a
“cusp” appears at the transition point Λc, signified by a
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Figure 8. (Color online) Phase space trajectories of (a)
the mechanical mode and (b) the cavity mode for time
intervals [30τ , 40τ ] (green dash), [290τ ,300τ ] (blue). (c)
Time-dependence of the cavity intensity Ic for the time in-
terval [290τ , 300τ ] in comparison with that for the inter-
val [30τ , 40τ ] (the inset). (d) Time-dependence of ln(εIc)
in [0,300τ ]. Parameters are Λ/ωm = 0.03, ~ε(t = 0) =
(10−10, 10−10, 10−8, 10−8). Other parameters are the same
as in Fig. 7.
sudden increase of entanglement. After the transition,
the classical dynamics becomes period-doubling motion,
and the quantum entanglement recovers the smoothly
increasing characteristic. The general feature resembles
to the classical bifurcation followed by the saturation to
a stable attractor induced by nonlinear interactions [3].
However, this is described as a characteristic of second-
order phase transition in quantum mechanics since the
derivatives of the quantum entanglement versus Λ are
not continuous near the transition point [46]. This im-
plies that a second-order, cusp type of phase transition in
light-mechanical entanglement occurs by the aid of OPA
in this optomechanical system.
To further investigate the dynamical behavior near
the transition point in more detail, we have shown in
Figs. 8-10 the steady-state phase-space trajectory of
the mechanical and cavity modes, the steady-state cav-
ity intensity Ic, and the logarithmic deviation ln(εIc) for
Λ/ωm = 0.03, 0.043 and 0.05 [indicated by red dash lines
in Fig. 7 (a)], which correspond to theregular periodic
oscillation regime, the transition point and the period-
doubling regime, respectively. For Λ/ωm = 0.03, the
classical mean values of the cavity and mechanical modes
finally converge to a regular limit cycle for the evolution
time less than 30τ , and the cavity intensity Ic oscillates
with the period of τ = 2pi/Ω, see Fig. 8. In addition,
the calculated exponential variation of εIc infinitely ap-
proaches to zero as time evolves, manifesting that all the
nearby points of the initial cavity intensity Ic in phase
space will finally oscillate in the identical frequency Ω.
(a) (b)
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Figure 9. (Color online) Phase space trajectories of (a) the
mechanical mode and (b) the cavity mode for time inter-
vals [30τ , 40τ ] (green dash), [290τ ,300τ ] (blue). (c) Time-
dependence of the cavity intensity Ic for the time interval
[290τ , 300τ ] in comparison with that for the interval [30τ ,
40τ ] (the inset). (d) Time-dependence of ln(εIc) in [0,300τ ].
Parameters are the same as in Fig. 8 except Λ/ωm = 0.043.
(a) (b)
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Figure 10. (Color online) Phase space trajectories of (a) the
mechanical mode and (b) the cavity mode for time inter-
vals [30τ , 40τ ] (green dash), [290τ ,300τ ] (blue). (c) Time-
dependence of the cavity intensity Ic for the time interval
[290τ , 300τ ] in comparison with that for the interval [30τ ,
40τ ] (the inset). (d) Time-dependence of ln(εIc) in [0,300τ ].
Parameters are the same as in Fig. 8 except Λ/ωm = 0.05.
For Λ/ωm = 0.05, the phase-space trajectory of the cav-
ity and mechanical modes and time-dependence of cavity
intensity then demonstrates the period-doubling motion.
Remarkably, the dynamical behavior in this regime can
also be observed for a short evolution time ∼ 30τ . The
fast decrease of ln(εIc) over time also signifies that the
system can evolve onto its stable orbit rapidly.
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Figure 11. (Color online) Short-time dynamics [(a)-(c)] and
long-time dynamics [(d)-(f)] of EP for Λ/ωm = 0.03 [(a), (d)],
0.043 [(b), (e)], and 0.05 [(c), (f)]. Other parameters are the
same as in Fig. 7.
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Figure 12. (Color online) EN,max as a function of the thermal
temperature T for Λ/ωm = 0 (black), 0.04 (green), and 0.06
(blue). µ is the entanglement to temperature ratio and the
inset shows the renormalized EN,max. Other parameter are
the same as in Fig. 7.
While for Λ/ωm = 0.043, in the vicinity of transition
point, the system first experiences a transient period-
doubling motion [see the inset of Fig. 9(c)], and then
displays a sinusoidal-like oscillation after a long evolution
time ∼ 300τ , as indicated by the limit-cycle in phase
space [see Fig. 9(a)-(b)]. The translational behavior can
be further understood by the slow-evolution property of
ln(εIc) shown in Fig. 9(d) by comparing with that for
Λ/ωm = 0.03 and Λ/ωm = 0.05.
In correspondence to the classical dynamics, the light-
mechanical pseudo-entanglement Ep ≡ −ln2η for the
parametric gains Λ/ωm = 0.03, 0.043, 0.05 exhibits a
similar dynamical behavior, as shown in Fig. 11. For
Λ/ωm = 0.03 and Λ/ωm = 0.05, the dynamical entangle-
ment quickly become st ble in a short time, and thus, the
time-dependence of Ep for the time intervals [30τ , 40τ ]
and [290τ , 300τ ] are the same. While for Λ/ωm = 0.043,
we again observe the transient and transitional dynam-
ical behavior in Ep. These are other quantum manifes-
tations of the classical dynamics. Moreover, it should
be noted that the pseudo-entanglement Ep less than zero
actually denotes non-existence of light-mechanical entan-
glement, therefore, the system exhibits sudden death and
rebirth of light-mechanical entanglement over evolutional
time.
Finally, the experimental observation of the above in-
teresting behavior can be realized with the set of parame-
ters [40, 46, 61]: L = 25 mm, F = 1.4×104 , ωm = 2pi×1
MHz, Q = 106, m = 150 ng and the driving laser power
P = 21.9 mW and wavelength λ = 1064 nm. More-
over, by considering a finite environmental temperature
T , we find that the light-mechanical entanglement can be
greatly enhanced in the presence of OPA, as shown in Fig.
12. In particular, the entanglement to temperature ratio
µ ≡ EN,max(T = 0)/T |EN,max=0 as well as the renormal-
ized entanglement EN,max(T )/EN,max(T = 0) show that
the system is more robust against thermal noise while the
OPA pumping strength increases, and thus, the period-
doubling motion (e.g. Λ/ωm = 0.06) is less sensitive to
environmental temperature compared with regular peri-
odic motion (e.g. Λ/ωm = 0.04).
VI. CONCLUSION
In summary, we have studied the classical nonlinear
dynamics and the light-mechanical entanglement dynam-
ics in a cavity optomechanical system involving an OPA
under two different parameter regimes. In one regime,
the classical dynamical behavior (i.e. the regular peri-
odic oscillation and the period-doubling motion) can be
manifested in the optomechanical entanglement by spe-
cial modulation of the OPA pumping with the same pa-
rameters. For the other parameter condition that also
allows to generate mechanical squeezing, we can exam-
ine the normal mode splitting effect in optomechanical
entanglement, which finds no classical correspondence.
The dynamical behavior is also related to the robust-
ness of the system to the environmental temperature, as
evidenced by the death and revival of the optomechani-
cal entanglement. The standard optomechanical system
with the assistance of OPA therefore provides a nice ar-
chitecture for studying and exploring the manifestation of
classical nonlinear dynamics in quantum entanglement.
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